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Abstract A linear elastic layer of finite thickness bonded on a half-space each containing a transversely
isotropic material is considered. A rigid circular disc attached to the interface of these two domains is
considered to be affected by a rocking vibration of constant amplitude. With the aid of a scalar potential
function, the equations of motion in each domain are solved using Fourier series and Hankel integral
transforms. Because of the involved integral transforms, the mixed boundary value problem is changed
to dual integral equations; which are reduced to Fredholm integral equations. Because of the complex
integrand function existing in the dynamic case, analytical solution cannot be given in general. However,
a closed-form solution is introduced for the static case, which itself degenerates to the solution for an
isotropic case existing in the literature. The contact stress in between the rigid disc and the surrounding
media, and the related impedance function are analytically determined in the static case. With the
help of contour integration, the governing Fredholm integral equations are numerically evaluated in the
dynamic case. The dynamic contact pressure and the impedance function are numerically evaluated in
a general dynamic case. The shape induced singularity in the contact pressure is investigated in detail.
Some numerical evaluations are given for different transversely isotropic materials to show the effect of
anisotropy.
© 2013 Sharif University of Technology. Production and hosting by Elsevier B.V.
Open access under CC BY license. 1. Introduction
Forced vibration of an elastic isotropic or orthotropic
medium is very interesting in the mathematical theory of elas-
ticity and its applications. Because of rigidity of the plate rested
on the half-space, the related boundary value problem is a
mixed boundary value problem. That is why mathematicians
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doi:10.1016/j.scient.2012.12.002are also interested in the dynamic interaction of forced rigid
plates and elastic media. This analysis is useful for understand-
ing the behavior of foundations and the supporting soil under
external load induced and wave induced stresses in the topic
of soil–structure-interaction. Earthquake engineering, machine
vibrations and seismology are some topics that may use the re-
sults of this topic. There is some research in this area, which
may be useful. Harding and Sneddon [1] investigated themixed
boundary-value problem of the interaction of an isotropic half-
space intended by a rigid punch with the aid of Love’s stress
function in elastostatics and with the use of an integral trans-
form technique. They found a singular behavior for the traction
in-between the rigid plate and the half-space. Some other static
analyses of the interaction of a rigid disc either rested on or
buried in an elastic isotropic half-space, or placed in an elastic
isotropic full-space were undertaken as in [2–9]. On the other
hand, the dynamic interaction of a rigid disc placed either on
or buried in an elastic isotropic half-space is also available as
in [10–12]. The subject is also very important in multi-phase
evier B.V. Open access under CC BY license. 
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Aij Elasticity constants
E Young’s moduli in the plane of transverse
isotropy
E ′ Young’s moduli in the direction normal to the
plane of transverse isotropy
G Shear modulus in the plane normal to the axis of
symmetry
G′ Shear modulus in planes normal to the plane of
transverse isotropy
Jm Bessel function of the first kind andmth order
KMM Rocking impedance function
K¯MM Nondimensional rocking impedance function
R(r, θ) Vertical stress in between the disc and the half-
space
a Radius of rigid disc
m Order Hankel integral transform
r Radial coordinate
s Thickness of finite layer
t Time variable
u Displacement component in r-direction
v Displacement component in θ-direction
w Displacement component in z-direction
z Vertical coordinate
Ω Amplitude of the motion
λ Lame’s constant
λ1, λ2, λ3 Radicals appearing in general solution
µ Lame’s constant
υ Poisson’s ratio characterizing the lateral strain
response in the plane of transverse isotropy to a
stress acting parallel to it
υ ′ Poisson’s ratio characterizing the lateral strain
response in the plane of transverse isotropy to a
stress acting normal to it
ω Angular frequency
ω0 Nondimensional frequency
θ Angular coordinate
ρ Material density
σij (i, j = r, θ, z) Stress tensor
ξ Hankel’s parameter
ξλ1 , ξλ2 , ξλ3 , ξp Branch points and pole on positive real
axis
materials and, because of this there exists some research re-
lated to the dynamic interaction of a rigid disc and poro-elastic
half/full-spaces [13–15]. In addition, there exist some investi-
gations for interaction of arbitrary shape rigid foundations and
homogeneous or inhomogeneous media [16,17].
On the other hand, the physical behavior of the soil beneath
a foundation is not identically isotropic and, thus, analytical
treatment of the problem of vibrations of a rigid disc associated
with an anisotropic medium is needed. Because of the direction
of gravity, transversely isotropic soil is the most common ap-
plicable medium among different anisotropic ones. Wang and
Wang [18] proved the completeness of the solutions of Lekhnit-
skii–Hu–Nowacki [19], Elliott [20] and Elliott–Lodge [21] in an
elegant method. Eskandari–Ghadi [22] introduced a complete
set of scalar potential functions for elastodynamic problems re-
lated to a transversely isotropic axially convex domain.
It is the purpose of this paper to investigate the forced rock-
ing vibration of a rigid circular disc buried at an arbitrary depth
of a transversely isotropic half-space. To this end, a layer ofthickness, s, containing transversely isotropicmaterial attached
to the surface of a half-space of transversely isotropic mate-
rial with different properties is considered in such a way that
the axes of the material symmetry of both the layer and the
half-space are parallel. The coupled partial differential equa-
tions for the layer and the half-space are uncoupled with the
use of potential functions introduced in Ref. [22]. With the aid
of the Fourier series and the Hankel integral transforms [23],
the relaxed treatment of the mixed boundary-value problem
involved in this paper is transformed into two pairs of integral
equations, which are called dual integral equations in the liter-
ature. The dual integral equation is simplified for the static case
and analytically solved from which the vertical displacement,
the pressure in-between the plate and the domain, and also the
static impedance function are explicitly found. Detailed inves-
tigation of the contact pressure illustrates the rigidity induced
singularity of the contact pressure at the edge of the disc. With
the aid of Noble’s procedure, the general forms of the dual inte-
gral equations involved in this study are changed to the form of
Fredholm integral equations of the second kind, which are nu-
merically solved for the general dynamic case. As a result, the
dynamic vertical contact pressure in-between the rigid disc and
the domain, and also the impedance function, are numerically
evaluated. It is illustrated that transversely isotropic materials
with different anisotropy create different responses, and differ-
ent impedance functions.
2. Boundary-value problem and its solution
A half-space containing a homogeneous, transversely
isotropic, linearly elastic material coated by a finite layer of
thickness, s > 0, containing a different transversely isotropic
solid is considered in such a way that both materials have the
same material isotropy axes. A massless rigid disc of radius a is
attached at the interface of the layer and the underneath half-
space, and a cylindrical coordinate system (r, θ, z) is installed
at the center of the rigid disc as illustrated in Figure 1. There-
fore, the top layer is defined as Region I (−s < z < 0) and
the half-space as Region II (z > 0). The behavior of a trans-
versely isotropic material is completely described by five in-
dependent elastic constants, A11, A12, A13, A33 and A44 [19,24].
Usually, a dependent elasticity constant, A66, which is defined
as A66 = (A11− A12)/2, is used to make the constitutive law for
transversely isotropicmaterial. These five elastic constantsmay
be related to the engineering constants, E, E ′, υ, υ ′,G and G′, as
indicated in [19]. A prescribed time-harmonic rocking rotation
in the form of Ω eiωt is considered for the disc, where Ω is the
amplitude of the rotation and ω is the circular frequency of the
motion.
Writing the time-harmonic equations of motion in terms of
displacements in each region, as in [25], and utilizing the scalar
potential functions, F and χ , the solutions for the potential
functions in Fourier–Hankel space are [25,26]:
FmIm(ξ , z) = AIm(ξ)e−λI1z + BIm(ξ)e−λI2z
+ CIm(ξ)eλI1z + DIm(ξ)eλI2z,
χmIm(ξ , z) = SIm(ξ)e−λI3z + TIm(ξ)eλI3z,
FmIIm(ξ , z) = AIIm(ξ)e−λII1z + BIIm(ξ)e−λII2z,
χmIIm(ξ , z) = SIIm(ξ)e−λII3z
(1)
where ξ is the Hankel’s parameter. In addition, λ2q1, λ
2
q2 and
λ2q3 for q = I and II are defined as in [25,26], and are single-
valued, however, λq1, λq2 and λq3 are multi-valued. To be con-
sistent with Eqs. (1), one must define a Riemann surface with
two sheets, such that λq1, λq2 and λq3 are single-valued and
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disc.
analytically continuous from one sheet to another. This can be
achieved by specifying the branch cuts for λq1, λq2 and λq3 on
the complex ξ -plane (as shown in Figure 2), with branch points
emanating from ξλq1 = ω

ρq/Aq11, ξλq2 = ω

ρq/Aq44 and
ξλq3 = ω

ρq/Aq66, such that the real parts of λq1, λq2 and λq3
are always non-negative [27]. Under these choices of the
branches, the eλII1z, eλII2z and eλII3z terms in Eqs. (1)(c) and (d)
become inadmissible and thus omitted from Eqs. (1). Fmqm(ξ , z)
and χmqm(ξ , z) for q = I and II are the mth-order Hankel trans-
forms of themth components of the Fourier series of Fq(r, θ, z)
and χq(r, θ, z). The Fourier series in Eqs. (1) are in terms of an-
gular coordinate θ and the Hankel transforms are in terms of
radial coordinate, r . AIm(ξ) to TIm(ξ) and AIIm(ξ) to SIIm(ξ) in
Eqs. (1) are unknown functions to be determined using the con-
tinuity and boundary conditions. In terms of the components of
the Cauchy stress tensor, σij (i, j = r, θ, z), and the displace-
ment components, u, v and w, the continuity conditions and a
relaxed treatment of the boundary conditions can be stated as
follows:
wI(r, θ, z = 0−) = wII(r, θ, z = 0+) = Ωr cos(θ),
r ≤ a, θ ∈ [0, 2π ] (2)
wI(r, θ, z = 0−) = wII(r, θ, z = 0+),
r > a, θ ∈ [0, 2π ] (3)
uI(r, θ, z = 0−)− uII(r, θ, z = 0+) = 0,
r ≥ 0, θ ∈ [0, 2π ] (4)
vI(r, θ, z = 0−)− vII(r, θ, z = 0+) = 0,
r ≥ 0, θ ∈ [0, 2π ] (5)
σIrz(r, θ, z = 0−)− σIIrz(r, θ, z = 0+) = 0,
r ≥ 0, θ ∈ [0, 2π ] (6)
σIθz(r, θ, z = 0−)− σIIθz(r, θ, z = 0+) = 0,
r ≥ 0, θ ∈ [0, 2π ] (7)
σIzz(r, θ, z = 0−)− σIIzz(r, θ, z = 0+) = 0,
r > a, θ ∈ [0, 2π ] (8)
σIzz(r, θ, z = 0−)− σIIzz(r, θ, z = 0+) = R(r, θ),
r ≤ a, θ ∈ [0, 2π ] (9)Figure 2: Pole, branch points, branch cuts and path of integration.
σIzz(r, θ, z = −s) = 0, r ≥ 0, θ ∈ [0, 2π ] (10)
σIrz(r, θ, z = −s) = 0, r ≥ 0, θ ∈ [0, 2π ] (11)
σIθz(r, θ, z = −s) = 0, r ≥ 0, θ ∈ [0, 2π ]. (12)
The function R(r, θ) in Eq. (9) is the resultant vertical stress ap-
plied on the rigid plate at z = 0.
Expressing the displacements and stress-potential relations
in the Hankel integral transform domain [25] results in the
displacements and stresses in each region to be written in
the form of line integrals, as indicated in Ref. [25]. Writing
the boundary conditions (Eqs. (2)–(12)) in the Fourier–Hankel
space and utilizing Eqs. (1) in it, one may get:
AIm(ξ) = ∆1(ξ)O(ξ) R
m
m(ξ), CIm(ξ) =
∆3(ξ)
O(ξ)
Rmm(ξ),
BIm(ξ) = ∆2(ξ)O(ξ) R
m
m(ξ), DIm(ξ) =
∆4(ξ)
O(ξ)
Rmm(ξ),
AIIm(ξ) = ∆5(ξ)O(ξ) R
m
m(ξ), BIIm(ξ) =
∆6(ξ)
O(ξ)
Rmm(ξ),
SIm(ξ) = TIm(ξ) = SIIm(ξ) = 0,
(13)
O = AI33(νI1(∆1 −∆3)+ νI2(∆2 −∆4))
− AII33(νII1∆5 + νII2∆6), (14)
where Rmm is the mth order Hankel transform of the mth
component of the Fourier series of R(r, θ):
Rmm(ξ) =
 ∞
0
r Rm(r) Jm(ξ r) dr,
R(r, θ) =
∞
m=−∞
Rm(r) eimθ ,
Rm(r) = 12π
 2π
0
R(r, θ)e−imθdθ
(15)
and∆1 to∆6 are given in Appendix A, and:
ηqi = (αq3 − αq2)λ2qi + ξ 2(1+ αq1)− ρqω2/Aq66,
νqi = (ηqi − αq3Aq13ξ 2/Aq33 − αq3λ2qi)λqi,
ϕqi = αq2λ2qi − ξ 2(1+ αq1)+ ρqω2/Aq66, (16)
αq1 = Aq11Aq66 − 1, αq2 =
Aq44
Aq66
, αq3 = Aq13 + Aq44Aq66 ,
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(Eqs. (2) and (8)) are written as the following dual integral
equations in real space ∞
0
ξ−1Gm(ξ){1+ H(ξ , ω)}J1(ξ r)dξ = km, r ≤ a (17a) ∞
0
Gm(ξ) J1(ξ r)dξ = 0, r > a (17b)
where km equals mΩr/2 for m = ±1 and is zero otherwise,
and:
H(ξ , ω) = −1+ ξ(ϕII1∆5 + ϕII2∆6)/O,
Gm(ξ) = ξ Rmm
(18)
for two different general transversely isotropic materials for
two different regions, i.e. sI1 ≠ sI2 and sII1 ≠ sII2.
As indicated in Eqs. (13), the potential function, χmqm(ξ , z),
for q = I and II is identically zero in this treatment. In addi-
tion, the dual integral equation involved in this paper is homo-
geneous for m ≠ ±1 and its particular solution is zero. Thus,
one may result from Eqs. (13) that Fmqm(ξ , z) are also identically
zero ifm ≠ ±1. This means that only two separate pairs of dual
integral equations, which are related to m = 1 and m = −1,
have to be solved in this study. By solving dual integral equa-
tions (17) for Gm, this function is known from which Rmm, AIm(ξ)
to DIm(ξ), AIIm(ξ), and BIIm(ξ) are determined.
The configuration involved in this treatment is general and
some special applicable configurations may be developed by
degenerating from the general case. Here, two different cases
are considered, as follows:
Case (i): A homogeneous half-space, (s → 0). A homogenous
half-space containing either isotropic or transversely isotropic
material affected by the forcedmotion of a surface circular plate
has been considered by many researchers from an engineering
and mathematical point of view [12,28]. The response of a
transversely isotropic half-space to the rocking motion of a
rigid circular foundation is considered in this section. The
material (elasticity) constants of the homogeneous half-space
are considered as Aij. Thus, the coefficients of the potential
functions are given as:
Am(ξ) = lim
s→0
∆5(ξ)
O(ξ)
Rmm(ξ) =
η2
A33(η1ν2 − η2ν1)R
m
m,
Bm(ξ) = lim
s→0
∆6(ξ)
O(ξ)
Rmm(ξ) =
−η1
A33(η1ν2 − η2ν1)R
m
m,
(19)
where the intermediate parameters are the same as in the
previous section without index q. Then, the functions used in
the dual integral equation are:
H(ξ , ω) = −1+ (ϕ1η2 − ϕ2η1)
A33(η1ν2 − η2ν1) ξ ,
Gm(ξ) = ξ Rmm.
(20)
Case (ii): A two-material full-space (s → ∞). If s approaches
infinity, then a full-space containing two different transversely
isotropic half-spaces, under the effect of the rocking motion
of a rigid plate attached at the interface of two half-spaces,
is in hand. Studying this case is useful for understanding
the mathematical and mechanical behavior of the concept ofsoil–structure interaction. A limit analysis is needed to find
the solution of this problem by degenerating the solution of
the main statement of the paper. In this way, one may show
that:
A′Im(ξ) = lims→∞ AIm(ξ) = lims→∞
∆1(ξ)
O(ξ)
Rmm(ξ) = 0,
B′Im(ξ) = lims→∞ BIm(ξ) = lims→∞
∆2(ξ)
O(ξ)
Rmm(ξ) = 0,
C ′Im(ξ) = lims→∞ CIm(ξ) = lims→∞
∆3(ξ)
O(ξ)
Rmm(ξ) =
∆˜3(ξ)
Q (ξ)
Rmm(ξ),
D′Im(ξ) = lims→∞DIm(ξ) = lims→∞
∆4(ξ)
O(ξ)
Rmm(ξ) =
∆˜4(ξ)
Q (ξ)
Rmm(ξ),
A′IIm(ξ) = lims→∞ AIIm(ξ) = lims→∞
∆5(ξ)
O(ξ)
Rmm(ξ) =
∆˜5(ξ)
Q (ξ)
Rmm(ξ),
B′IIm(ξ) = lims→∞ BIIm(ξ) = lims→∞
∆6(ξ)
O(ξ)
Rmm(ξ) =
∆˜6(ξ)
Q (ξ)
Rmm(ξ),
(21)
Q = −AI33(υI1∆˜3 + υI2∆˜4)− AII33(υII1∆˜5 + υII2∆˜6). (22)
H(ξ , ω) = −1+ ξ(ϕII1∆˜5 + ϕII2∆˜6)/Q ,
Gm(ξ) = ξ Rmm (23)
for sI1 ≠ sI2 and sII1 ≠ sII2, and:
A′IIm = C ′Im = limI→II
∆˜5(ξ)
Q (ξ)
Rmm(ξ)
= lim
I→II
∆˜3(ξ)
Q (ξ)
Rmm(ξ) =
λ2
2A33(ν2λ1 − ν1λ2)R
m
m,
B′IIm = D′Im = limI→II
∆˜6(ξ)
Q (ξ)
Rmm(ξ)
= lim
I→II
∆˜4(ξ)
Q (ξ)
Rmm(ξ) =
−λ1
2A33(ν2λ1 − ν1λ2)R
m
m,
(24)
H(ξ , ω) = −1+ ϕ1λ2 − ϕ2λ1
2A33(ν2λ1 − ν1λ2) ξ ,
Gm(ξ) = ξ Rmm
(25)
for sI1 = sII1 = s1 and sI2 = sII2 = s2, however s1 ≠ s2. The
intermediate functions, ∆˜j (j = 3–6), are given in Appendix A.
Dealing with the mixed boundary value problems [29] with
the aid of integral transforms results in dual integral equations,
some of which have been discussed and solved by different
researchers [30–33]. Recently, Mandal and Mandal [34] have
classified some of the dual integral equations and presented
their solutions.
With the aid of Sonine’s integrals [32], it can be shown that
the pair of integral equations (17) is reduced to: ∞
0
ξ−1/2Gm(ξ , ω)[1+ H(ξ , ω)] J1/2(ξ r)dξ
= mr
1/2
2−1/2Γ (1/2)
Ω, m = ±1, r ≤ a (26a) ∞
0
ξ−1/2Gm(ξ , ω)J1/2(ξ r)dξ = 0 m = ±1, r > a. (26b)
Writing Eq. (26b) for 0 ≤ r ≤ a in terms of an unknown func-
tion, θm(r, ω), say, it helps to use Hankel inversion theorem to
define Gm(ξ , ω) in terms of θm(r, ω). Substituting Eq. (26b) in
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kind for θm(r, ω). Thus, one may define: ∞
0
ξ−1/2Gm(ξ , ω)J1/2(rξ)dξ = r
−1/2
2−1/2Γ (1/2)
θm(r, ω),
0 ≤ r ≤ a, m = ±1 (27)
which by combining with Eq. (26b) and using the Hankel inver-
sion theorem results in:
Gm(ξ , ω) =

2ξ 3
Γ (1/2)
 a
0
γ 1/2θm(γ , ω)J1/2(γ ξ)dγ ,
m = ±1. (28)
Substituting Eq. (28) into Eq. (26a) one may find the following
Fredholm integral equation of the second kind for θm(r, ω):
θ1(r, ω)+ 1
π
 a
0
M(r, γ , ω)θ1(γ , ω)dγ = Ωr,
(0 ≤ r ≤ a) (29a)
θ−1(r, ω)+ 1
π
 a
0
M(r, γ , ω)θ−1(γ , ω)dγ = −Ωr,
(0 ≤ r ≤ a) (29b)
where:
M(r, γ , ω) = 2
 ∞
0
H(ξ , ω) sin(γ ξ) sin(rξ)dξ,
0 ≤ r ≤ a, 0 ≤ γ ≤ a. (30)
As indicated in Eqs. (29), θ1(r, ω) = −θ−1(r, ω), which means
that solving either one of the Fredholm integral equations given
in Eqs. (26) is enough. Here, Eq. (29a) is solved.
The integral equation (29a) can be numerically solved for
θ1(r, ω). For this purpose, the Fredholm integral equation (29a)
is converted into a set of linear algebraic equations of the form:
Kijθ1j = f1i, i, j = 1, 2, . . . , n (31)
where:
Kij = δij + 1
π
WjM(ri, γj, ω), i, j = 1, 2, . . . , n (32)
f1i = Ωri, i = 1, 2, . . . , n. (33)
Wj, in Eq. (32), is the weight function for transforming an
integral to a summation, and n is the number of points selected
on the disc for numerical evaluation.
3. Analytical solution for static case
If the frequency approaches zero, the static case is achieved.
The static solution of the problem is new in the literature. Some-
times, dynamic behavior, especially in the frequency domain, is
not clear for the reader/user. In this case, the static solution is
very useful for understanding the mathematical and mechan-
ical aspects of the topic. In addition, tilt analysis of structures
is sometimes needed in structural analysis, where some ec-
centric weight exists in the structure. This happens in reactor
buildings in nuclear power plants, thus the static case of the
problem, where ω → 0, is separately investigated. Detailed
investigation of the governing equation for the potential func-
tion, F , shows that in the case of sq1 = sq2, the static solution
is different from the case of sq1 ≠ sq2 [25]. In the static case,
where ω → 0, the solution for the case of sq1 = sq2 is deter-
mined with the aid of a limit analysis and with the help of thesolution for sq1 ≠ sq2. Moreover, in this study, special attention
should be paid if sI1 = sI2 = sI, sII1 = sII2 = sII and sI → sII.
Thus, some different sets of solutions have to be presented for
different cases. In the static case, where ω→ 0, one may easily
show that λq1 → sq1ξ and λq2 → sq2ξ , and, therefore:
H = ϕ¯II1∆¯5 + ϕ¯II2∆¯6
O¯
− 1 (34)
O¯ = AI33(ν¯I1(∆¯1 − ∆¯3)+ ν¯I2(∆¯2 − ∆¯4))
− AII33(ν¯II1∆¯5 + ν¯II2∆¯6), (35)
for sI1 ≠ sI2 and sII1 ≠ sII2, and ∆¯1 to ∆¯6 are given in Ap-
pendix A, and:
ν¯qi =

1+ αq1 − αq2s2qi −
Aq13
Aq33
αq3

sqi,
ϕ¯qi = [αq2s2qi − 1− αq1],
η¯qi = [(αq3 − αq2)s2qi + αq1 + 1], i = (1, 2), q = (I, II).
(36)
If the homogeneous transversely isotropic half-space has the
property of sI1 = sI2 = sII1 = sII2 = s¯, then:
H = 4α2s¯∆¯
′
5 + ϕ(∆¯′′5 + ∆¯′′6)
O¯′′(ξ)
− 1, (37)
O¯′′ = A33

ν(∆¯′′1 + ∆¯′′2 − (∆¯′′3 + ∆¯′′4 + ∆¯′′5 + ∆¯′′6))
+ 2

1+ α1 − 3α2s¯2 − A13α3A33

(∆¯′1 − ∆¯′3 − ∆¯′5)

, (38)
∆¯′′1 to ∆¯
′′
6 and ∆¯
′
1, ∆¯
′
3, ∆¯
′
5 are given in Appendix A, and:
ν =

1+ α1 − α2s¯2 − A13A33 α3

s¯,
ϕ = [α2s¯2 − α1 − 1],
η = [(α3 − α2)s¯2 + α1 + 1].
(39)
This solution for a homogeneous isotropic (s¯ = 1) half-space,
where A11 = A33 = λ+2µ, A12 = A13 = λ and A44 = A66 = µ,
is changed to:
H = 4µ∆¯
′
5 − (λ+ µ)(∆¯′′5 + ∆¯′′6)
µO¯′′(ξ)
− 1, (40)
O¯′′(ξ) = 2(λ+ µ)[∆¯′′1 + ∆¯′′2 − (∆¯′′3 + ∆¯′′4
+ ∆¯′′5 + ∆¯′′6)] − 4µ[∆¯′1 − ∆¯′3 − ∆¯′5], (41)
∆¯′′1 to ∆¯
′′
6 and ∆¯
′
1, ∆¯
′
3, ∆¯
′
5 are given in Appendix A, and µ and λ
are Lame’s coefficients.
If sI1 = sI2 = sII1 = sII2 = s¯, the displacements and stresses
in the half-space surrounding the rigid plate are determined as:
σqzz(r, θ, z) = 2 cos(θ)
 ∞
0
σ¯ ′′qzz(ξ , z)
O¯′′(ξ)
R11ξ J1(ξ r)dξ,
wq(r, θ, z) = 2 cos(θ)
 ∞
0
w¯′′q (ξ , z)
O¯′′(ξ)
R11ξ J1(ξ r)dξ,
q = (I, II)
(42)
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w¯′′I (ξ , z) =

[4α2 s¯− 2ϕξz]∆¯′1e−s¯ξz
+ [4α2 s¯+ 2ϕξz]∆¯′3es¯ξz

+ϕ (∆¯′′1 + ∆¯′′2)e−s¯ξz + (∆¯′′3 + ∆¯′′4)es¯ξz ,
w¯′′II(ξ , z) =
[4α2 s¯− 2ϕξz]∆¯′5 + ϕ(∆¯′′5 + ∆¯′′6) e−s¯ξz,
σ¯ ′′Izz(ξ , z) = A33

2

1+ α1 − 3α2 s¯2 − A13α3A33 − νξz

× ∆¯′1e−s¯ξz − 2

1+ α1 − 3α2 s¯2
− A13α3
A33
+ νξz

∆¯′3es¯ξz
+ ν((∆¯′′1 + ∆¯′′2)e−s¯ξz − (∆¯′′3 + ∆¯′′4)es¯ξz)

,
σ¯ ′′IIzz(ξ , z) = A33

2

1+ α1 − 3α2 s¯2 − A13α3A33 − νξz

∆¯′5
+ ν(∆¯′′5 + ∆¯′′6)

e−s¯ξz
(43)
and O¯′′(ξ) is defined in Eq. (38). The solutionsmay be simplified
if the half-space contains homogeneous isotropic material, i.e.
s¯ = 1
w¯′′I (ξ , z) =

4+ 2ξz

µ+ λ
µ

∆¯′1e−ξz
+

4− 2ξz

µ+ λ
µ

∆¯′3e−ξz

−

µ+ λ
µ

×

(∆¯′′1 + ∆¯′′2)e−ξz + (∆¯′′3 + ∆¯′′4)eξz

,
w¯′′II(ξ , z) =

4+ 2ξz

µ+ λ
µ

∆¯′5
−

µ+ λ
µ

(∆¯′′5 + ∆¯′′6)

e−ξz,
σ¯ ′′Izz(ξ , z) =

[−4µ− 4ξz(µ+ λ)]∆¯′1e−ξz
+ [4µ− 4ξz(µ+ λ)]∆′3eξz

+ 2(µ+ λ)

(∆¯′′1 + ∆¯′′2)e−ξz
− (∆¯′′3 + ∆¯′′4)eξz

,
σ¯ ′′IIzz(ξ , z) =

−[4µ+ 4ξz(µ+ λ)]∆¯′5
+ 2(µ+ λ)[(∆¯′′5 + ∆¯′′6)]

e−ξz .
(44)
In this case, function O¯′′(ξ) is given in Eq. (41).
Case (i) s → 0: A half-space affected by rocking deformation of
rigid plates is encountered inmany cases, such as the equivalent
static analysis of structures under seismic loads. This case,
which is new in transversely isotropic half-spaces, is studied isthis part of the paper. In this case, function H is independent
from ξ as:
H = α3(1+ α1)(s1 + s2)
A33P2
− 1, (45)
where:
P2 = −(1+ α1)

1+ α1 − α3 A13A33 − α2(s
2
1 + s22 + s1s2)

+ (α3 − α2)s1s2

1+ α1 − α3 A13A33 + α2s1s2

(46)
for s1 ≠ s2. See the function H given in Box I as Eq. (47) for
s1 = s2 = s¯.
Since function H is independent from ξ , it can be taken
out from the integral. Thus, in the static case, function M(r, γ )
is analytically determined from Eq. (30). Consequently, θ1(r)
is obtained from Eqs. (29), after which the function Gs1(ξ)
is determined. Then, R11(ξ) can be determined analytically in
terms of ξ . To this end, onemaywrite of dual integral equations
(17) in the form of: ∞
0
ξ−1J1(ξ r)Gsm(ξ)dξ = mΩr2(1+ H) ,
r ≤ a, m = −1,+1 ∞
0
J1(ξ r)Gsm(ξ)dξ = 0, r > a, m = −1,+1.
(48)
The solution of this dual integral equation may be found as
[31,32]:
Gsm(ξ) = 2mΩ
π(1+ H)

−a cos aξ + 1
ξ
sin aξ

,
m = −1,+1. (49)
Then, the impedance function is defined as:
KMM = My
Ω
, (50)
whereMy is the moment required to sustain the rotation,Ω
My =
 a
0
 2π
0
R(r, θ)r2 cos(θ) dθ dr, (51)
where:
σzz(r, θ, z = 0) = −R(r, θ) = −4Ω cos θ
π(1+ H)
×

Re

r√
a2 − r2

. (52)
The normalized form of the impedance functionmay be defined
as K¯MM = KMM/(A66 a3) = My/(A66Ωa3). Substituting Eq. (51)
into Eq. (50) results in:
K¯MM(ω = 0) = 83A66(1+ H) . (53)
This solution for the isotropic case changes to:
K¯MM(ω = 0) = 83(1− υ) , (54)
where υ is the Poisson ratio. The impedance function given in
Eq. (54) is exactly the same as the results indicated in [4].
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7)H = 2α3(1+ α1)s¯/A33
−(1+ α1)

1+ α1 − α3 A13A33 − 3α2s¯2

+ (α3 − α2)

1+ α1 − α3 A13A33

s¯2 + α2s¯4
 − 1, for s1 = s2 = s¯. (4
Box ICase (ii) full-space (s →∞): The case of full-space containing
transversely isotropic material is used as a benchmark in future
related research. Because of this, it is important to have its
solution, which is presented in this section. In the static case
of full-space, function H is again independent from ξ as:
H = ϕ¯II1
¯˜
∆5 + ϕ¯II2 ¯˜∆6
Q¯
− 1, (55)
Q¯ = −AI33(ν¯I1 ¯˜∆3 + ν¯I2 ¯˜∆4)− AII33(ν¯II1 ¯˜∆5 + ν¯II2 ¯˜∆6), (56)
for sI1 ≠ sI2 and sII1 ≠ sII2, and:
H = 1+ α1 + s1s2α2
2A33α2s2s1(s1 + s2) − 1 (57)
for sI1 = sII1 = s1 and sI2 = sII2 = s2, however, s1 ≠ s2. If the
homogeneous transversely isotropic full-space has the property
of s1 = s2 = s¯, then:
H = 1+ α1 + α2s¯
2
4A33α2s¯3
− 1. (58)
Intermediate functions ¯˜∆3 to ¯˜∆6 in Eq. (56) are given in
Appendix A. As seen in Eqs. (55), (57) and (58), function H is
independent from ξ and, thus, one may obtain:
Gsm(ξ) = 2mΩ
π(1+ H)

−a cos aξ + 1
ξ
sin aξ

,
m = −1,+1. (59)
Then, the stress distribution in-between the rigid plate and the
full-space is determined as:
R(r, θ) = 4Ω cos θ
π(1+ H)

−aRe

1
r
− ia
r
√
r2 − a2

− Im
√
r2 − a2 − ia
r

, (60)
which results in:
K¯MM(ω = 0) = 83A66(1+ H) (61)
where H , in each case, is given in Eqs. (55), (57) or (58). This
solution for a homogeneous isotropic full-space is written as:
K¯MM(iso)(ω = 0) = 64(1− υ)3(3− 4υ) . (62)
The impedance function given in Eq. (62) is exactly the same as
the results indicated in [4].
4. Numerical evaluation
Although dual integral equations (17) has been solved an-
alytically for the static case, because of complex kernel func-
tions in both integrals it cannot be analytically solved for the
general dynamic case. The Fredholm integral equation (29a) isused to find the solution for the general dual integral equations
involved in this paper. For the numerical solution, Eq. (29a) is
transformed to a set of linear algebraic equations in the form of
Kijθ1j = [δij + 1πWjM(ri, γj, ω)]θ1j = f1i. An adaptive numerical
quadrature approach in MATHCAD software is adopted to eval-
uate Mij = M(ri, γj, ω) from the line integral given in Eq. (30).
For validity of the approach adopted here, function H(ξ , ω) in
Eqs. (17) and (30) should tend to zero if ξ approach infinity [32].
This function in this study does not approach zero, and, thus,
the approach adopted in this paper cannot be directly used. To
modify the procedure selected here, we call limξ→∞ H(ξ , ω) as
H(∞, ω). If one divides both sides of Eq. (17a) by 1+H(∞, ω),
then, the left hand side of Eqs. (17) satisfies the condition at in-
finity. We call the inverse of 1 + H(∞, ω) a modifier, and we
show it by L. The value of L = 11+H(∞,ω) , in terms of material
constants is given in Appendix B.
For numerical evaluations, Eq. (29a) with the use of Eq. (30)
has to be solved. Because of sine functions involved in the in-
tegrand function of the integral given in Eq. (30), the integrals
converge slowly. Because of this, in numerical evaluation, a
large value should be replaced as the upper limit of the inte-
gral tomake a good approximation for the improper integral in-
volved in Eq. (30); the larger the frequency, the larger the upper
limit needed. In addition, the integrand involved in Eq. (30) has
a pole, ξp, of first order [35], two branch points for a homoge-
neous transversely isotropic half-space and four branch points
for a layered transversely isotropic half-space, as indicated in
Figure 2 [25]. In this analysis, ξp is the root of the denominator
of H(ξ , ω), which shows the dependency of the pole to the fre-
quency. Detailed investigation of the integrand function of the
integral involved in Eq. (30) shows, firstly, the unique pole ex-
isting in the integrand function and, secondly, the dependency
of the pole to the frequency. Figures 3 and 4 show the inte-
grand function involved in Eq. (30) for different dimensionless
frequencies, ω0 (see the definition below), for a homogeneous
half-space containing transversely isotropic material and for a
layered half-space, respectively. As seen, there exists only one
pole in the integrand function, and the location of the pole
varies for different frequencies. Considering these points, the
path of integration is modified, as illustrated in Figure 2. Thus,
based on the contour integration, the procedure adopted in this
study involves: (1) locating the pole and branch points associ-
atedwith branch cuts that render all functions single valued and
consistent with the regularity condition; (2) integrating from
zero to a point behind the pole and continuing the integration
from a point after the pole to a sufficiently large value; and (3)
adding the contribution from the residue at the pole to the final
sum.
θ1 is the second function that should be numerically evalu-
ated from equation Kijθ1j = f1i at the selected points, which is
a function of horizontal distance, r , for fixed ω. Then, Gm(ξ , ω)
is obtained from the line integral given in Eq. (28). Eventually,
AIm(ξ) to BIIm(ξ) are found from Eqs. (13) in the case of half-
space, C ′Im(ξ) to B
′
IIm(ξ) are determined from Eqs. (21) for the
case of full-space and the related coefficients of the potential
functions for the case of a surface rigid disc are found from
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Eq. (30) for homogeneous half-space containing Material I.
Figure 4: The real and imaginary parts of the integrand of the integral M in
Eq. (30) for a layered half-space containing Material I in the top layer and
Material II in the underneath half-space.
Eqs. (19). The displacements and stresses at any point, in
any case, may be found from the displacement- and stress-
potential function relationships [26]. To determine the rocking
impedance function, KMM(ω), one needs to find the resultant
moment, My, applied from the disc on the full-space, from
Eq. (51). Then, the rocking impedance function is found from
Eq. (50).
To illustrate the analytical results found in previous sections,
three different transversely isotropicmaterials, listed in Table 1,
and any combination of thesematerials may be considered. The
phrase, Mat q−Mat q′, is used to denote a half-space consisting
of an upper layer containing Material q and a lower half-space
containing Material q′. All numerical results presented here
are dimensionless, with a nondimensional frequency defined
as ω0 = aω√ρII/AII44, where ρII is the mass density of the
underneath half-space. In addition, the impedance function, the
vertical stress and the vertical displacement are presented in
the dimensionless form as Im[KMM/a3ω0AII66], Re[KMM/a3AII66],
σzz/ΩAII66 cos(θ) andW/(aΩ cos θ), respectively. It should be
mentioned that numerical results for full-space are normalized
in the same way, however, with the properties of Region I,
rather than Region II.Figure 5: Normalized vertical resultant traction for low frequency ω0 = 0.5 at
z = 0 and s = a in terms of horizontal distance for different combinations of
half-spaces.
Figure 6: Normalized resultant vertical traction for high frequency ω0 = 3.0
at z = 0 and s = a in terms of horizontal distance for different combination of
half-spaces.
Figures 5 and 6 illustrate the stress difference, [σIzz(r, θ, z
= 0−) − σIIzz(r, θ, z = 0+)]/(AII66Ω cos θ), for a different
combination of transversely isotropic half-space and top layer
of thickness, s = a, for both low and high dimensionless fre-
quency. As indicated in the figures, there exists a rigidity
induced singularity, as is in the static case at the edge of the disc.
This difference of stress at r = 0 and outside the disc, where
r > a, should be zero. The former is due to rocking vibration
and the latter is indicated in the continuity condition in
Eq. (8). The precision of the integration depends on the number
of points selected in Eq. (30), and the truncation in Eq. (29),
where the sine functions affect the convergence of the integral
to be very slow. Precise attention has been paid in the numerical
evaluation, however, there still exists a very small overshoot at
the edge outside the disc, where the stress should be vanished,
based on Eq. (8). As seen in the figure, the response is affected
by E ′, and since this parameter is the same for Material II and
Material III, the resultant stresses are the same for cases Mat
II–Mat I andMat III–Mat I. However, distribution of the resultant
vertical stress is different for the case Mat I–Mat I.
Figure 7 illustrates a comparison of the vertical displacement
evaluated in this study and the previous research done by Pak
and Sophers [4] for the homogeneous isotropic half-space. The
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Material E (N/mm2) E ′ (N/mm2) G (N/mm2) G′ (N/mm2) ν ν ′
I (transversely isotropic) 50000 150000 20000 20000 0.25 0.25
II (transversely isotropic) 100000 50000 40000 20000 0.25 0.25
III (transversely isotropic) 150000 50000 60000 20000 0.25 0.25Figure 7: Comparison of the vertical displacement (s/a = 1, υ = 0.25) of this study with Pak and Sophors [4].results are for the static case at z = 0.5a and z = −0.5a. As
seen in the figure, there exists an excellent agreement between
the two studies, which proves the accuracy of the numerical
evaluations of this study.
Figure 8 shows stress, σzz , at r = 0.5a, in terms of depth,
for ω0 = 0.5. As illustrated, there exists a jump, which is equal
to the stress difference, R(r = 0, θ), at z = 0, in each curve.
In addition, since the lower half-space for all the cases contains
Material I, the response in each case in Region II, especially at
the point far from the boundary of two regions, is the same.
However, the stress in Region I is affected by E ′ and, since E ′
in Material I is the largest, stress σzz in this material for con-
stant Ω should be the largest. This phenomenon is clear from
the response for the static case. However, in the time harmonic
case, both the amplitude and the phasemake the total response.
Figures 9 and 10 illustrate the vertical displacement at z = 0
in terms of radial distance for ω0 = 0.5 and ω0 = 3.0, re-
spectively. As indicated in the figures, the vertical displacement
from zero to r = a should be equal to aΩ cos θ , as indicated
in Eqs. (2). Outside the disc, an oscillatory behavior is seen in
the variation of the displacement. The larger the value of ω0,
the more the oscillatory treatment is seen. Since the value of
G and, thus, the shear wave length/wave number, is different
from case to case, the number of waves is also different from
case to case. The variation of vertical displacement forω0 = 0.5
at r = 0.75a, in terms of depth, is illustrated in Figure 11. As ob-
served in the figure, the displacement is continuous at z = 0,
indicating Eq. (3). However, its derivative, with respect to z,
is discontinuous, as indicated in the strain–displacement and
stress–strain relationships.
The oscillatory behavior of the response is clear from
Figures 5, 6, 9 and 10. The wave number/wave length in vertical
and horizontal directions is a function of E ′ and G′, respectively.
Since G′ is the same for all materials, the wave number is the
same for all cases. However, there exists a clear difference
between the wave number in the vertical direction in the
lower half-space, where the material changes from case to
case.Figure 8: Normalized vertical stress for low frequency ω0 = 0.5 at r = 0.5a
and s = a in terms of depth for different material.
Figure 9: Normalized vertical displacement for ω0 = 0.5 at z = 0 and s = a in
terms of horizontal distance for different material.
The impedance/compliance function is a very impor-
tant engineering parameter in the subject of soil–structure-
interaction. Since the foundations of structures are usually
10 M. Eskandari-Ghadi et al. / Scientia Iranica, Transactions A: Civil Engineering 20 (2013) 1–14Figure 10: Normalized vertical displacement for ω0 = 3.0 at z = 0 and s = a
in terms of horizontal distance for different material.
Figure 11: Normalized vertical displacement for ω0 = 0.5 at r = 0.75a and
s = a in terms of depth for different material.
embedded in a layer of the soil, the impedance function of an
embedded foundation is more important. Because of this, the
rocking impedance function, defined in Eq. (50), is numerically
evaluated in this study. Figure 12 shows the real and imaginary
parts of the rocking impedance function in terms of dimension-
less frequency. The real and imaginary parts of dimensionless
rocking impedance function for low tomoderate dimensionless
frequency vary linearly, in terms of frequency, while, at high
frequency, the function is not linear. In addition, the rocking
impedance function for a rigid plate is much affected by E ′. It
is clear from Table 1 that E ′ in Material I is different from that
of Materials II and III, and that is why this function in a homo-
geneous half-space containingMaterial I is completely different
from layered half-spaces.
The same numerical results may be evaluated for a full-
space, (s →∞), containing a rigid circular plate and for a half-
space affected by a surface rigid plate, (s = 0). As an example,
Figure 13 shows the variations of vertical displacement for
ω0 = 0.5 at r = a and s → ∞, in terms of depth, for different
materials.
5. Conclusion
A mathematical formulation has been presented for a
relaxed boundary value problem of forced rocking vibration ofFigure 12: Real and imaginary parts of vertical impedance function for different
transversely isotropic materials.
Figure 13: Normalized vertical displacement forω0 = 3.0 at r = a and s →∞
in terms of depth for different material.
a rigid circular disc buried at an arbitrary depth in a layered
transversely isotropic half-space. Utilizing the Fourier series
and then Hankel integral transforms, the mixed boundary
value problem transforms to some dual integral equations
for the unknown coefficients in the general dynamic case.
The dual integral equation has been analytically solved in the
static case. However, in the dynamic case, with the help of
Sonine formulations and the procedure introduced by Noble,
the dual integral equations have been changed to the Fredholm
integral equations of the second kind, which have been
solved numerically. With the aid of displacement- and stress-
potential relationships, both the displacements and stresses
have been determined. The results show some rigidity induced
singularities in the contact pressure at the edge of the disc.
Knowing the contact pressure, the rocking impedance functions
have been numerically evaluated, which can be used as lumped
stiffness in the soil–structure-interaction if the constitutive
law of the soil is the same as transversely isotropic behavior.
Some new results, e.g. the stress distribution in-between the
rigid plate and the half-space and/or the full-space, and the
rocking impedance function, have been introduced in two
extreme cases of homogeneous transversely isotropic half-
space affected by surface constant amplitude rocking vibration,
and transversely isotropic full-space under forced rocking
vibration.
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Appendix A
The intermediate functions in Eqs. (13) and (14) are:
∆1 = k1(ψ1 + ψ5)+ k2(ψ2 + ψ6)+ k3ψ3 + k4ψ4 + k5ψ7,
∆2 = k3(ψ1 − ψ8)+ k4(ψ2 − ψ9)
− k1ψ10 − k2ψ11 − k5ψ12,
∆3 = k1(ψ13 − ψ8)+ k2(ψ14 − ψ9)
− k3ψ3 − k4ψ4 + k5ψ15,
∆4 = k3(ψ5 + ψ13)+ k4(ψ6 + ψ14)
+ k1ψ10 + k2ψ11 − k5ψ16,
∆5 = k6(ψ1 + ψ5 + ψ13 − ψ8)
− k4(ψ7 + ψ15)− k2(ψ12 + ψ16),
∆6 = k6(ψ9 − ψ6 − ψ14 − ψ2)
− k1(ψ12 + ψ16)− k3(ψ7 + ψ15),
O = AI33(νI1(∆1 −∆3)+ νI2(∆2 −∆4))
− AII33(νII1∆5 + νII2∆6),
(A.1)
where:
ψ1 = αII3λII2e−2(λI1+λI2)s(ηI1νI2 − ηI2νI1),
ψ2 = αII3λII1e−2(λI1+λI2)s(ηI1νI2 − ηI2νI1),
ψ3 = 2αII3λII2ηI2νI2e−(λI1+λI2)s,
ψ4 = 2αII3λII1ηI2νI2e−(λI1+λI2)s,
ψ5 = αII3λII2e−2λI1s(ηI1νI2 + ηI2νI1),
ψ6 = αII3λII1e−2λI1s(ηI1νI2 + ηI2νI1),
ψ7 = αI3[λI2e−2λI1s(ηI1νI2 + ηI2νI1)− 2λI1ηI2νI2
× e−(λI1+λI2)s + λI2e−2(λI1+λI2)s(ηI2νI1 − ηI1νI2)],
ψ8 = αII3λII2e−2λI2s(ηI1νI2 + ηI2νI1),
ψ9 = αII3λII1e−2λI2s(ηI1νI2 + ηI2νI1),
ψ10 = 2αII3λII2ηI1νI1e−(λI1+λI2)s,
ψ11 = 2αII3λII1ηI1νI1e−(λI1+λI2)s
ψ12 = αI3[−λI1e−2λI2s(ηI1νI2 + ηI2νI1)+ 2λI2ηI1νI1
× e−(λI1+λI2)s + λI1e−2(λI1+λI2)s(ηI2νI1 − ηI1νI2)]
ψ13 = αII3λII2(ηI2νI1 − ηI1νI2),
ψ14 = αII3λII1(ηI2νI1 − ηI1νI2),
ψ15 = αI3[λI2e−2λI2s(ηI1νI2 + ηI2νI1)− 2λI1ηI2νI2
× e−(λI1+λI2)s + λI2(ηI2νI1 − ηI1νI2)],
ψ16 = αI3[−λI1e−2λI1s(ηI1νI2 + ηI2νI1)+ 2λI2ηI1νI1
× e−(λI1+λI2)s + λI1(ηI2νI1 − ηI1νI2)],
(A.2)
k1 = AI44ηI2ϕII1 − AII44ηII1ϕI2,
k2 = AII44ηII2ϕI2 − AI44ηI2ϕII2,
k3 = AII44ηII1ϕI1 − AI44ηI1ϕII1,
k4 = AI44ηI1ϕII2 − AII44ηII2ϕI1,
k5 = AII44(ηII2ϕII1 − ηII1ϕII2),
k6 = AI44(ηI2ϕI1 − ηI1ϕI2).
(A.3)The intermediate functions in Eqs. (21) and (22) are:
∆˜3 = αII3[AII44ϕI2(λII2ηII1 − λII1ηII2)
+ AI44ηI2(λII1ϕII2 − λII2ϕII1)]
+αI3AII44λI2(ηII1ϕII2 − ηII2ϕII1),
∆˜4 = αII3[AII44ϕI1(λII1ηII2 − λII2ηII1)
+ AI44ηI1(λII2ϕII1 − λII1ϕII2)]
+αI3AII44λI1(ηII2ϕII1 − ηII1ϕII2),
∆˜5 = αI3[AI44ϕII2(λI2ηI1 − λI1ηI2)
+ AII44ηII2(λI1ϕI2 − λI2ϕI1)]
+αII3AI44λII2(ηI1ϕI2 − ηI2ϕI1),
∆˜6 = αI3[AI44ϕII1(λI1ηI2 − λI2ηI1)
+ AII44ηII1(λI2ϕI1 − λI1ϕI2)]
+αII3AI44λII1(ηI2ϕI1 − ηI1ϕI2).
(A.4)
The intermediate functions in Eqs. (34) and (35) are:
∆¯1 = k¯1(ψ¯1 + ψ¯5)+ k¯2(ψ¯2 + ψ¯6)
+ k¯3ψ¯3 + k¯4ψ¯4 + k¯5ψ¯7,
∆¯2 = k¯3(ψ¯1 − ψ¯8)+ k¯4(ψ¯2 − ψ¯9)
− k¯1ψ¯10 − k¯2ψ¯11 − k¯5ψ¯12,
∆¯3 = k¯1(ψ¯13 − ψ¯8)+ k¯2(ψ¯14 − ψ¯9)
− k¯3ψ¯3 − k¯4ψ¯4 + k¯5ψ¯15,
∆¯4 = k¯3(ψ¯5 + ψ¯13)+ k¯4(ψ¯6 + ψ¯14)
+ k¯1ψ¯10 + k¯2ψ¯11 − k¯5ψ¯16,
∆¯5 = k¯6(ψ¯1 + ψ¯5 + ψ¯13 − ψ¯8)− k¯4(ψ¯7
+ ψ¯15)− k¯2(ψ¯12 + ψ¯16),
∆¯6 = k¯6(ψ¯9 − ψ¯6 − ψ¯14 − ψ¯2)− k¯1(ψ¯12
+ ψ¯16)− k¯3(ψ¯7 + ψ¯15),
(A.5)
where:
ψ¯1 = αII3sII2e−2(sI1+sI2)ξ s(η¯I1ν¯I2 − η¯I2ν¯I1),
ψ¯2 = αII3sII1e−2(sI1+sI2)ξ s(η¯I1ν¯I2 − η¯I2ν¯I1),
ψ¯3 = 2αII3sII2η¯I2ν¯I2e−(sI1+sI2)ξ s,
ψ¯4 = 2αII3sII1η¯I2ν¯I2e−(sI1+sI2)ξ s,
ψ¯5 = αII3sII2e−2sI1ξ s(η¯I1ν¯I2 + η¯I2ν¯I1),
ψ¯6 = αII3sII1e−2sI1ξ s(η¯I1ν¯I2 + η¯I2ν¯I1),
ψ¯7 = αI3[sI2e−2sI1ξ s(η¯I1ν¯I2 + η¯I2ν¯I1)− 2sI1η¯I2ν¯I2e−(sI1+sI2)ξ s
+ sI2e−2(sI1+sI2)ξ s(η¯I2ν¯I1 − η¯I1ν¯I2)],
ψ¯8 = αII3sII2e−2sI2ξ s(η¯I1ν¯I2 + η¯I2ν¯I1),
ψ¯9 = αII3sII1e−2sI2ξ s(η¯I1ν¯I2 + η¯I2ν¯I1),
ψ¯10 = 2αII3sII2η¯I1ν¯I1e−(sI1+sI2)ξ s,
ψ¯11 = 2αII3sII1η¯I1ν¯I1e−(sI1+sI2)ξ s
ψ¯12 = αI3[−sI1e−2sI2ξ s(η¯I1ν¯I2 + η¯I2ν¯I1)+ 2sI2η¯I1ν¯I1e−(sI1+sI2)ξ s
+ sI1e−2(sI1+sI2)ξ s(η¯I2ν¯I1 − η¯I1ν¯I2)]
ψ¯13 = αII3sII2(η¯I2ν¯I1 − η¯I1ν¯I2),
ψ¯14 = αII3sII1(η¯I2ν¯I1 − η¯I1ν¯I2), (A.6)
ψ¯15 = αI3[sI2e−2sI2ξ s(η¯I1ν¯I2 + η¯I2ν¯I1)− 2sI1η¯I2ν¯I2e−(sI1+sI2)ξ s
+ sI2(η¯I2ν¯I1 − η¯I1ν¯I2)],
ψ¯16 = αI3[−sI1e−2sI1ξ s(η¯I1ν¯I2 + η¯I2ν¯I1)+ 2sI2η¯I1ν¯I1e−(sI1+sI2)ξ s
+ sI1(η¯I2ν¯I1 − η¯I1ν¯I2)],
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k¯2 = AII44η¯II2ϕ¯I2 − AI44η¯I2ϕ¯II2,
k¯3 = AII44η¯II1ϕ¯I1 − AI44η¯I1ϕ¯II1,
k¯4 = AI44η¯I1ϕ¯II2 − AII44η¯II2ϕ¯I1,
k¯5 = AII44(η¯II2ϕ¯II1 − η¯II1ϕ¯II2),
k¯6 = AI44(η¯I2ϕ¯I1 − η¯I1ϕ¯I2).
(A.7)
The intermediate functions in Eqs. (37) and (38) are:
∆¯′′1 = 2(Υ¯2 − Υ¯1), ∆¯′′2 = 2(Υ¯3 − Υ¯4),
∆¯′′3 = 2Υ¯5, ∆¯′′4 = −2Υ¯6,
∆¯′′5 = 2(Υ¯2 + Υ¯5 − Υ¯1), ∆¯′′6 = 2(Υ¯3 − Υ¯6 − Υ¯4),
∆¯′1 = 2(Υ2 − Υ1), ∆¯′3 = 2Υ3,
∆¯′5 = 2(Υ2 + Υ3 − Υ1),
(A.8)
where:
Υ1 = 2α3ηνe−2s¯ξ s[1− ξ ss¯],
Υ2 = α3s¯e−2s¯ξ s

2(α3 − α2)s¯ν + η

1+ α1 − 3α2s¯2
− A13α3
A33

− 4ξ sα3s¯ηνe−2s¯ξ s
Υ3 = −α3s¯

2(α3 − α2)s¯ν − η
×

1+ α1 − 3α2s¯2 − A13α3A33

,
Υ¯1 = 2α3ηνe−2s¯ξ s[−2ξ s+ (ξ s)2s¯],
Υ¯2 = −4α3ξ ss¯e−2s¯ξ s

2(α3 − α2)s¯ν + η
×

1+ α1 − 3α2s¯2 − A13α3A33

+ 8α3(ξ s)2
× s¯ηνe−2s¯ξ s + α3s¯e−2s¯ξ s[2(α3 − α2)ν − 6ηα2s¯],
Υ¯3 = 2α3e−2s¯ξ s

2(α3 − α2)s¯ν
+ η

1+ α1 − 3α2s¯2 − A13α3A33

+α3s¯e−2s¯ξ s[2(α3 − α2)ν − 6ηα2s¯],
Υ¯4 = 2α3s¯ e−2s¯ξ s

(ξ s)2ην − 2ξ s

2(α3 − α2)s¯ν + η
×

1+ α1 − 3α2s¯2 − A13α3A33

+ 2(α3 − α2)ν − 6ηα2s¯+ 4(α3 − α2)s¯
×

1+ α1 − 3α2s¯2 − A13α3A33

,
Υ¯5 = −α3s¯[2(α3 − α2)ν + 6ηα2s¯], (A.9)
Υ¯6 = −2α3

2(α3 − α2)s¯ν − η

1+ α1 − 3α2s¯2 − A13α3A33

−α3s¯[2(α3 − α2)ν + 6ηα2s¯].The intermediate functions in Eqs. (40) and (41) are:
∆¯′1 = −(λ+ µ)2e−2ξ s[2(λ+ µ)ξ s+ 3µ+ λ],
∆¯′3 = −(λ+ µ)3,
∆¯′5 = −(λ+ µ)2

λ+ µ+ e−2ξ s[3µ+ λ+ 2(λ+ µ)ξ s] ,
∆¯′′1 = 2(λ+ µ)2e−2ξ s[3(λ+ µ)(ξ s)2 + 4µξ s− (λ+ 3µ)],
∆¯′′2 = 2(λ+ µ)e−2ξ s[−(λ+ µ)2(ξ s)2
+ 2(λ2 − µ2)ξ s+ (λ2 + 3µλ+ µ2)],
∆¯′′3 = −2(λ+ µ)2[3µ+ 2λ],
∆¯′′4 = 2(λ+ µ)2[4µ+ 3λ],
∆¯′′5 = −2(λ+ µ)2

3µ+ 2λ+ e−2ξ s
×[−3(λ+ µ)(ξ s)2 − 4µξ s+ λ+ 3µ]

,
∆¯′′6 = 2[4µ3 + µλ(11µ+ 10λ)+ 3λ3] + e−2ξ s
×

−2(ξ s)2[λ3 + µ3 + 3µλ(λ+ µ)],
4ξ s[λ3 − µ3 + µλ(λ+ µ)]
+ 4[λ3 + µ3 + 4µλ(λ+ µ)]

.
(A.10)
The intermediate functions in Eqs. (55) and (56) are:
¯˜
∆3
αII3(sII1 − sII2) = AII44 [(αII3 − αII2)sII2sII1 − (1+ αII1)]
× −(1+ αI1)+ αI2s2I2
− AI44

(αI3 − αI2)s2I2 + (1+ αI1)

× [αII2sII2sII1 + (1+ αII1)]
−αI3AII44(1+ αII1)sI2(sII2 + sII1),
¯˜
∆4
αII3(sII1 − sII2) = −AII44 [(αII3 − αII2)sII2sII1 − (1+ αII1)]
× −(1+ αI1)+ αI2s2I1
+ AI44

(αI3 − αI2)s2I1 + (1+ αI1)

× [αII2sII2sII1 + (1+ αII1)]
+αI3AII44(1+ αII1)sI1(sII2 + sII1),
¯˜
∆5
αI3(sI1 − sI2) = AI44 [(αI3 − αI2)sI2sI1 − (1+ αI1)]
× −(1+ αII1)+ αII2s2II2
− AII44

(αII3 − αII2)s2II2 + (1+ αII1)

× [αI2sI2sI1 + (1+ αI1)]− αII3AI44
× (1+ αI1)sII2(sI2 + sI1),
¯˜
∆6
αI3(sI1 − sI2) = −AI44 [(αI3 − αI2)sI2sI1 − (1+ αI1)]
× −(1+ αII1)+ αII2s2II1
+ AII44

(αII3 − αII2)s2II1 + (1+ αII1)

× [αI2sI2sI1 + (1+ αI1)]+ αII3AI44
× (1+ αI1)sII1(sI2 + sI1). (A.11)
Appendix B
The modifier L is given as:
L =

a¯−√c/2−a¯+√c/2
A11[A13 + A44]√c N
M. Eskandari-Ghadi et al. / Scientia Iranica, Transactions A: Civil Engineering 20 (2013) 1–14 13N = (A11A33 − (A13 + A44)A13) A11 − A11A33A44
×

2a¯+

a¯+√c/2

a¯−√c/2

− (A11A33 − (A13 + A44)A13) A13

a¯+√c/2
×

a¯−√c/2− A13A33A44(a¯+
√
c/2)(a¯−√c/2),
a¯ = 1
2
(s21 + s22), c = (s22 − s21)2 (B.1)
for s = 0, and:
L = −(AI33(E1L1 + E2L2)+ AII33(E3L3 + E4L4))
C1L3 + C2L4 (B.2)
for s > 0, where:
L1 = αII3

AII44(1+ αI1)

−1+ βI

aI −
√
cI
2

×

(αII3 − αII2)

aII −
√
cII
2

aII +
√
cII
2

−

aII +
√
cII
2

aII −
√
cII
2

+ (1+ αII1)

aII −
√
cII
2
−

aII +
√
cII
2

+ AI44 [(1+ αII1) ×

(αI3 − αI2)

aI −
√
cI
2

+ 1+ αI1

aII −
√
cII
2
−

aII +
√
cII
2

+βII

aII +
√
cII
2

aII −
√
cII
2

−

aII −
√
cII
2

aII +
√
cII
2

−αI3αII3AII44(1+ αII1)

cII

aI −
√
cI
2

(B.3)
L2 = αII3

AII44(1+ αI1)

−1+ βI

aI +
√
cI
2

×

(αII3 − αII2)

aII +
√
cII
2

aII −
√
cII
2

−

aII −
√
cII
2

aII +
√
cII
2

× + (1+ αII1)

aII +
√
cII
2
−

aII −
√
cII
2

+ AI44

(1+ αII1)

(αI3 − αI2)

aI +
√
cI
2

+ 1+ αI1

×

aII +
√
cII
2
−

aII −
√
cII
2
+βII

aII −
√
cII
2

aII +
√
cII
2

−

aII +
√
cII
2

aII −
√
cII
2

+αI3αII3AII44(1+ αII1)

aI +
√
cI
2
√
cII (B.4)
L3 = αI3

AI44(1+ αII1)

−1+ βII

aII −
√
cII
2

×

(αI3 − αI2)

aI −
√
cI
2

aI +
√
cI
2

−
×

aI +
√
cI
2

aI −
√
cI
2

+ (1+ αI1)
×

aI −
√
cI
2
−

aI +
√
cI
2

+ AII44 [(1+ αI1)
×

(αII3 − αII2)

aII −
√
cII
2

+ 1+ αII1

×

aI −
√
cI
2
−

aI +
√
cI
2

+βI

aI +
√
cI
2

aI −
√
cI
2

−

aI −
√
cI
2

aI +
√
cI
2

−αII3αI3AI44(1+ αI1)

aII −
√
cII
2
√
cI (B.5)
L4 = αI3

AI44(1+ αII1)

−1+ βII

aII +
√
cII
2

×

(αI3 − αI2)

aI +
√
cI
2

aI −
√
cI
2

−

aI −
√
cI
2

aI +
√
cI
2

+ (1+ αI1)
×

aI +
√
cI
2
−

aI −
√
cI
2

+ AII44
×

(1+ αI1)

(αII3 − αII2)

aII +
√
cII
2

+ 1+ αII1

×

aI +
√
cI
2
−

aI −
√
cI
2

+βI

aI −
√
cI
2

aI +
√
cI
2

−

aI +
√
cI
2

aI −
√
cI
2

+αI3αII3AI44(1+ αI1)

aII +
√
cII
2
√
cI (B.6)
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C1 = (1+ αII1)

−1+ βII

aII +
√
cII
2

,
C2 = (1+ αII1)

−1+ βII

aII −
√
cII
2

E1 =

1+ αI1 − αI3 AI13AI33 − αI2

aI +
√
cI
2

aI +
√
cI
2
E2 =

1+ αI1 − αI3 AI13AI33 − αI2

aI −
√
cI
2

aI −
√
cI
2
E3 =

1+ αII1 − αII3 AII13AII33 − αII2

aII +
√
cII
2

aII +
√
cII
2
E4 =

1+ αII1 − αII3 AII13AII33 − αII2

aII −
√
cII
2

aII −
√
cII
2
βq = αq21+ αq1 , aq =
1
2
(s2q1 + s2q2),
cq = (s2q2 − s2q1)2, q = I, II.
(B.7)
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